We reconsider the problem of determining the semiclassical 3-point function in the Euclidean AdS 3 model. Exploiting the affine symmetry of the model we use solutions of the classical Knizhnik-Zamolodchikov (KZ) equation to compute the saddle point of the action in the presence of three vertex operators. This alternative derivation reproduces the "heavy charge" classical limit of the quantum 3-point correlator. It is different from the recently proposed expression obtained by generalised Pohlmeyer reduction in AdS
Introduction
The AdS/CFT conjecture [1] , [2] , [3] implies that the correlation functions in the dual (boundary) quantum field theory can be computed alternatively in string theory, i.e., essentially by the methods of a two -dimensional theory. The first computations however were mostly performed in the supergravity approximation, representing the correlators in terms of integrals over the target (bulk) coordinates [4] , [5] .
On the string side one may start with a semiclassical approach, when the string path integral for the correlation functions is evaluated in the saddle-point approximation with large 't Hooft coupling λ >> 1. In this calculation one has to identify the correct vertex operators [6] , [7] and to find the corresponding classical solutions, which provide the appropriate saddle-point approximation. Some preliminary results for the three point function of three heavy operators are already available [8] , see also [9] , [10] , [11] . Here we propose to use our knowledge of the quantum Liouville and WZW theories to such semiclassical computations.
Semiclassical considerations of the (euclidean) AdS 3 string theory have been initiated e.g., in [12] , where classical solutions of the equations of motion in the absence of sources, or with one vertex insertion have been constructed. On the other hand one can compute straightforwardly the classical limit of the known quantum 3-point OPE coefficients, i.e., for b 2 ∼ 1 √ λ → 0, and heavy charges △ i = −2j i = 2η i b 2 , s.t., η i are finite; here △ stands for the scaling dimension in the dual CFT. Such configurations dominate the saddle point of the action in the presence of sources, i.e., classical vertex operators. The resulting expression in this limit is similar to the semiclassical Liouville result [13] , due to the fact, that the quantum (euclidean) AdS 3 3-point function is expressed by a formula [14] , [15] closely related to the Liouville one.
This semiclassical limit of the quantum AdS 3 3-point function yields an expression which differs from the recently proposed one [8] . The latter is interpreted as the AdS 2 part of the correlator of three heavy strings propagating in AdS 2 × S 5 model, and is assumed to be universal for heavy (scalar) AdS d+1 operators. This motivated us to reconsider the problem and compute directly the semiclassical constant, generalising the method in [13] , which was proposed originally as a semiclassical check of the quantum Liouville 3-point constant. While the quantum AdS 3 theory and its applications to the superstring on AdS 3 ×S 3 ×M 4 in the NS-NS background ( [16] , [17] and references therein) is well studied, and, thus, this is no more than a toy model in the semiclassical context under consideration, the elaboration of 2d CFT techniques is important for the analogous unsolved problems in more realistic and less known cases.
Our derivation is based on the affine algebra symmetry of the model generated by a current and (in the euclidean version) its complex conjugate. This leads to a chiral equation, a classical version of the KZ equation [18] . The equation determines the classical fundamental vertex V of isospin j = 1/2 as a function of the coordinates of the three vertex sources. The solution is then used, analogously to [13] , to evaluate the contribution of the sources to the saddle point of the action and thus to compute the semiclassical 3-point function, confirming the direct classical limit of the quantum correlator.
Summary of the AdS 3 data
In this mostly preliminary section we summarise some basic data on the non-compact sl(2) WZW model [19] , [14] .
• The Euclidean AdS 3 is the coset ≃ SL(2, C)/SU (2)
2)
In the WZW classical action the coordinates φ(z,z) , γ(z,z) are 2d fields
3)
The classical equations of motion
imply that the currents
andJ(z) = k g −1∂ z g are conserved (chiral), ∂zJ(z) = 0 , ∂ zJ (z) = 0 and vice versa.
In other words g(z,z) satisfies two chiral first order equations
The translations in the diagonal action of SL(2, C) on the coset shift γ → γ − x. On the projected group element
the generators t a of sl(2) are realised by standard differential operators with respect to the isopin variable x. They are determined from
and analogouslyD a (x) are determined from the right action of t a . General vertex operators are given by
• In the quantum theory k → k − 2 = 1/b 2 and furthermore a curvature term is added. In the AdS 3 /CF T 2 correspondence (2.8) is the kernel of the integral boundary-bulk operator with boundary conformal dimension △ = −2j. Its "world sheet" (Sugawara) scaling dimension is
We have used the notation α i = −j i b for the vertex charges to compare with the Virasoro theory of central charge c > 25 (Liouville theory). The two Virasoro theories with generic
can be realised via quantum Hamiltonian reduction of theŝl(2) (respectively, compact and non-compact) WZW models. Accordingly the 3-point WZW OPE constants are closely related to the Virasoro ones. In particular, in the non-compact case the 3-point constant is given [14] by the DOZZ Liouville expression up to a simple γ(x) = Γ(x)/Γ(1 − x) factor
is expressed by Barnes double Gamma functions, ν(b) is an arbitrary constant and α 123 = α 1 +α 2 +α 3 .
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• With k replaced by the shifted k − 2 = 1/b 2 in the action (2.3) the semiclassical limit corresponds to b 2 → 0 and "heavy" charges j
In this limit, described for the Liouville theory in [13] , the function Υ b goes to
so that for the 3-point constant (2.10) one obtains
The heavy charge classical limit describes the semiclassical 3-point function of vertex operators which is dominated by the saddle point of the classical action, i.e., on some solution of the classical equations of motion (2.4) which depend on the charges and coordinates of the sources -the vertex operators. Following and extending the approach in [13] in the Liouville theory we shall reproduce in the next section formula (2.13) by first describing explicitly these classical solutions and then directly computing the semiclassical 3-point function.
• Just for comparison recall the "light charge" classical limit of (2.10): for b → 0 consider
and thus from (2.10) one reproduces, up to trivial field renormalisation, the expression for the AdS 3 3-point constant computed in the supergravity approximation [4] . We restrict here to three spectrally unflowed representations, cf. [20] , [21] for the full spectrum of the model. 2 The formulae in the semiclassical considerations in [9] , [11] correspond to "light charge" classical limit, in which all △ i are furthermore taken big, exploiting the Stirling formula for the asymptotics of the Gamma functions. In this limit of the supergravity AdS 2d+1 constants, as well as of their S 2d+1 analogs, the dependence on d is erased, which in particular trivialises the cancellations for BPS type operators for d = 2, in contrast with the full consideration in [5] .
Alternative derivation of the quasiclassical OPE constant
The derivation follows and generalises the approach of [13] in the Liouville theory, so let us sketch the main steps. 
and itsT L (z) counterpart. The Liouville equation of motion ensures the conservation of the energy momentum tensor and vice versa. In the presence of (three) sources the classical tensor is determined through the limit b 2 → 0 of its normalised 4-point correlator with the three vertex operators e
where h
Then the solution for e −ϕ(z,z) as a function of the coordinates z i ,z i of the sources is given, up to a prefactor (determined by its classical dimension e −bφ (bφ = ϕ) and the three arbitrary vertex operators, normalised by the 3-point function of these operators. Finally, the solution for ϕ(z; z i ) is used to compute the saddle point action with sources which determines the semiclassical 3-point function [13] .
• In the related to a WZW model AdS 3 case, the BPZ equation is replaced by the KZ equation [18] . The solution for the field V j=1/2 (z,z; x,x) in (2.7) as a function of the coordinates {z i ,z i , x i ,x i } of the three sources is the classical limit of the corresponding 4-point function with one such vertex operator [24] , [14] and three vertex operators (2.8) of 
with the current defined through the classical limit of its 4-point function normalised with 
Here the dependence of V andV on the complex conjugated variables is suppressed . Since the Sugawara dimension of V = V j=1/2 vanishes in the limit b → 0, there is no z-dependent prefactor in (3.7).
One obtains the equation (written for the chiral constituents of V ) 
Combining the left and right solutions one obtains for V
where
2 (w) (3.13) and the two solutions are given explicitly as The relative constant in (3.12)
is determined from the requirement of permutation invariance of the solution (crossing symmetry, or locality of the corresponding quantum 4-point correlator, see [24] for the compact WZW model, and [14] for the non-compact analog); N W ZW is expressed by ratio of products of fusing matrices and N L in the r.h.s. of (3.15) .12) is fixed by the equations of motion, see below.
• Given the solution for V we can extract the expressions for the analogs of the matrix elements in the classical formulae (2.2), (2.7), i.e, φ and γ,γ as functions of {z i ,z i , x i ,x i , i = 1, 2, 3} and check the equations of motion. There is a certain arbitrariness in it since only V , not its ingredients, are monodromy invariant. We shall expand (3.12) in powers of (x − x 1 ) in the vicinity of x ∼ x 1 . More precisely, introduce normalised chiral u
The contour integrals have simple transformations described by linear combination of phases, which organise in sin -functions [25] . On the other hand these bases are not normalised to 1 when approaching one of the three sources. When accounting for the additional constants the fusing matrix elements are expressed by Γ -functions, leading to the γ -functions in (3.15) . The related consideration of [8] seems to us not sufficiently clear at this point. Recall that the gauge freedom in the braiding matrices is correlated with the normalisation of the chiral vertex operators
where G
2 (w) can be read from (3.14), (3.9). We then identify, taking u
whereū i is the complex conjugate of u i . Or, in a matrix form for the group element (2.2)
we have (chiral factorisation)
The last equality in (3.18) (or, equivalently, the validity of (2.1)) requires that
This is checked to hold true and more precisely • The check of the equations of motion is done for z,z far from the locations of the sources. Let us now look at the behaviour of the solutions near one of the sources when
The leading contribution in the fusion j → j + 1/2 is given by the first vector component of the first solution, namely (taking here only the chiral factors) 22) while the second vector component describes a descendant with respect of the finite sub-
For the contribution of j → j − 1/2 the leading term is given by the second vector component of the second solution 24) while the first vector component reads
Here it is assumed that the integration in the first term S (cl) is on the Riemann sphere with the points of insertion of the three sources excluded. The action (3.29) is regularised, the logarithmic singularities compensate those in the classical solution.
At the saddle point of S (cl) = S (cl) [φ, γ,γ], i.e., on a solution of the classical equations, only the second term in (3.29) contributes to the derivative of the full action with respect to any of the charges η i . Thus one obtains
This set of equations integrates tô
From the r.h.s. of (3.31) one reproduces the 3-point function with coefficient as in (2.10) up to the dependence on the normalisation factor ν(b) Since F (x) = F (1 − x) the choice F (0) = F (1) for the arbitrary integration constant ensures that C (cl) = 1 for i η i = 1, a charge conservation condition, corresponding to absence of screening charges in the quantum case.
• The semiclassical 3-point contribution for S 3 is computed in precisely the same way, exploiting the solutions of the classical KZ equation in the compact WZW model (b 2 → −b 2 ); see, e.g., [26] for the analogous consideration for the related c < 1 Virasoro theory.
In the full superstring theory the interrelation of the AdS 3 and S 3 contributions to the quantum 3-point correlator of BPS type fields has been described in [16] , [17] .
Discussion
The difference with the AdS 2 result is reduced essentially to the function αh(α) in (9.4) of [8] vs F (α) in (2.12). Though formally AdS 2 is a special case of AdS 3 it does not possess the affine symmetry of the WZW model. If at all legitimate to compare the semiclassics of these two different models, the disagreement might be also related to a different normalisation of the 3-point vertex itself, see the comment in footnote 5 above.
In both cases one analyses the solutions of a 2 × 2 matrix differential equation with the same qualitative asymptotics around the singular points. Yet we work here with explicit full solutions of explicitly given equation, so that there is a full control on the coefficients in the asymptotics of the solutions in the vicinity of the sources.
The approach followed here can be extended in principle to the computation of the WZW AdS 5 , respectively S 5 , contributions to the 3-point OPE constant of three scalar operators. Note that extrapolation from the formulae computed in the supergravity approximation [4] , which can be interpreted as "light charge" limits of the (unknown) quantum expressions (cf. (2.14)), suggests that the quantum formula for the AdS 2n+1 3-point scalar constant for n = 2 might be very close to the n = 1 expression in (2.10) -with the shift −b in the first factor in the denominator replaced by −nb = −2b. If so, it would not affect the heavy charge limit of the constant, up to field renormalisations.
The WZW AdS 3 semiclassical OPE constants could hardly be expected to provide an approximation of the corresponding scalar semiclassical OPEs in the standard AdS 5 sigma model; this may explain the difference with the AdS 2 result in [8] . On the other hand the supersymmetric AdS 5 × S 5 model in RR background is conformally invariant [27] , at least in perturbation theory (see also the discussion in [28] and [29] ). This in our view justifies the elaboration of CFT techniques in semiclassical considerations.
